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CHAPTER ONE
((Mathematical Principles))

If the square of one side of a triangle is equal to the sum of the squares of the other sides then the triangle is a right triangle.
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Theorem: If the square of the longest side of a triangle is greater than the sum of the squares of the other two sides
then the triangle is an obtuse triangle.
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Theorem: If the square of the longest side of a triangle is less than the sum of the squares of the other two sides
then the triangle is an acute triangle.
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The Pythagorean Theorem: In a right triangle, the square of the hypotenuse is equal to the sum of the squares of
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Definition of an inductive set
A set of real numbers is called an inductive set if it has the following two properties:
a) The number 1 is inthe set.  b) For every X in the set, the number x +1 is also in the set
For example, R is an inductive set, So N is an inductive set.
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The Language of Mathematics

There are several words on our everyday language which are also used on mathematics. Words like true, false, not,
and, or, implies, if and only if, all, some, none, etc, are all everyday words that are essential to the
mathematician's formal language. Most of us feel that we know the meanings of these words. In order to be sure
that we all attach the same meaning to these words we will attempt to define some of them precisely. You will find
that the clarification of some of the above-mentioned words will make your study of mathematics more precise, and
we hope clearer and more enjoyable. For example, we hope to simplify later discussions concerning inequalities by
the use of the notions developed in this chapter.

The basic building blocks of mathematical statements are sentences which are either true or false. We call such
sentences prpositions.
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Most theorems in mathematics involve something more than simple propositions and connectives of the type we

have been discussing. For example, probably you have frequently seen a statement similar to the following:
a+b=b+a

Where a and b are natural numbers (that is, 1, 2, 3, ...). We do not mean to say that a + b=b+a for a particular of

numbers a and b, but that a + b = b +a for any pair of natural numbers at all. We usually indicate this by saying that

for all natural numbers a and b, a+b=b+a

The word all or for all is called the universal quantifier. Frequently the reader of mathematics is expected to

provide the universal quantifier himself. The authors will just assume that the reader will do this.
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You were to interpret PAQ=QAP
to mean that pAq=qgapfor all propositions. In fact the choice of the letters was arbitrary. If r and s are
propositions, then we know from the above thatr As =s A r. Furthermore
(X<B)AX>3)=(x>3) A(X<b).
In general, p Aq =q A p for any propositions p and g.
PAG=QAp Gl g0 Lol
clas 5ol can il o558 1 ST .05 olgsds By Sl #8ly 1o . PAY=QAP leo)liS sann gl a3 aS 00,5 ooy & j50 (nl @1,
Ol odle TAS=SAT a5 oils o 59
(X<5)A(X>3)=(x>3) A(x<D5).
el S350 P oyl 90 2 ln PAG=Q AP (IS Sl o
The other quantifier frequently used in mathematics is the existential quantifier, "there exists". For example, if
we are talking about natural numbers again there exists a natural number less than 4 that divides 12 evenly. That is,
there is at least one natural number less than 4 that divides 12 evenly — there may be more. To say there exists is to

assert that there is at least one. Symbols which we will use occasionally for the universal quantifier and the
existential quantifier areV and 3 respectively. For example,

vx X220 meanforallx,x2 >0

and 3x x2 =0 means there existsan xsuch that x2 =0.
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1- Did you ever skip a stone over the surface of the water and watch the circles appear?

Circles occur frequently in nature. Name some of the natural things you have seen that contain circles.

On the next page you will learn how to divide a circle into six equal parts, and later you will learn how to divide a
circle into twelve equal parts.

2- In the circle at the right, the center is at O.

3- There are three radius in this circle. Name them.
4- Which is a diameter, AB or OC? A
5- If OC is 2", how long is AB? C
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6- Place a point on a piece of paper and call it O. Whit O as center and a radius of 1 inch draw a circle. With the

same center and a radius of 2 inches, draw another circle. These two circles are concentric circles; they have the
same center.

7- Any part of the curved of a circle, such as AC, CB, or ACB, in the circle at the right, is an arc. The length of the

circle is its circumference. If AB is a diameter, which of the following arcs is a semicircle (half a circle)? CAD
ACB:« DBC.
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Trigonometric Functions

From the definitions of the trigonometric functions one easily deduce the following formulas:

1) cott=—— (iftant=0), 2) sect——— (ifcost=0), 3) csct=—— (ifsints0),
tant cost sint
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Because of these relations, cot is often referred to as the reciprocal

function of tan. (Do not use the word "inverse" to describe the 1
relationship between tan and cot.) Similarly sec and csc are reciprocal _, ’ -
functions of cos and sin, respectively. These reciprocal relationships _EE ° g 3t on >
allow us to concentrate our attention on sin, cos, and tan. ? _1} 2 2
There are other relationships between the trigonometric functions which !
are obtainable directly from the definition. Two important relationships &by =tanx
of this type are:
8 tant=""C (ifcost £0), 5) cott ="' (ifsint~0),

cost sint
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Also we saw that P(t)=P(t + 2nmx) for all real numbers t and all integers n. Hence

6) sint=sin(t+2nmn), 7) cost=cos(t+2nm), 8) tant=tan(t+2nm)

for all real numbers t and all integers n.

As we consider the values of the trigonometric functions, it is important to realize that certain trigonometric
functions are positive in some quadrants and negative in others. If P(t) is in the second quadrant, then its x-
coordinate will be negative and the y-coordinate will be positive. Hence sin t and its reciprocal csc t will be
positive there and others will be negative. (Check this for yourself.)
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6) sint=sin(t+2nn) 7) cost=cos(t+ 2nm) 8) tant=tan(t + 2nm)
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Here is a mnemonic device which is helpful remembering which trigonometric functions are positive in which quadrants.

I Students| All I

Take ‘ Calculus |

Il \Y
Reading this in the order of the numbering of the quadrants, one gets “All students take calculus”. The first letter of
the word in each quadrant indicates which is positive; A indicates that all functions are positive in the first
guadrant; S indicates that sin and its reciprocal are positive in the second quadrant; T indicates that tan and its
reciprocal are positive in the third; and C indicates that cos is positive in the fourth quadrant. Certainly such a
device will not replace understanding, but it may be helpful when rapid computation is needed.

I Students| All I

1 Take ‘ Calculus |

\Y

2 0 aelS o 5l sl s e s 4 «aS o A3 lle s lgzmails dead & )le e (51350l S 5w bags, ol il b
olis S st cie Jol gy 50 aly ded sas o Glis (ALL Jgl G y) A ol cuiio waoy o] 50 ool plaS oS ol ol (gooimsylis oo,
ez gy ;9 COS ams oo lis C g taiins cute pow g0y 50 o] blie g AN amo o Lis T soiiad Cutte pgs oy 58 ol lise o SIN aas o

A5l e Wl o wal 5L5 0550 g s Slole a5 olKin (Jg o anegd (n iRl Wlgcas )l iz bedad ol e

Ellipses, Hyperbolas and Parabolas

Ellipses, hyperbolas and parabolas were called conic sections by the ancient Greeks. If a right circular is
intersected with a plane, as in Figure, the resulting curves are conic sections. We do not plan to prove the results
here, but it can be shown that using a coordinate system, the conic sections can all be described as graphs of
equations of the form

Ax? +Bxy+Cy2 +Dx+Ey+F=0, (¥
Where A, B, C, D, E, and F are real numbers and A, B, and C are not all zero. The converse is also true. That is, if
an equation is of the from of (*), then the graph of that equation is a conic section

Ellipse Parabola Hyperbola
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Polar Coordinates and Cartesian Coordinates

A geometric figure, such as a curve in the plane, is a collection of points satisfying one or more special conditions.
By translating these conditions into expressions involving the coordinates x and y, we obtain one or more equations
which characterize the figure in question.

y —axis
1 1
34
P SRR <(3,2) y
(-2,1),----4 ;
Pl X —axis
1 1 i 1 1 i 1 1
= _4_3? 23| 1 23 4 5 r P=(x,y)
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For example, consider a circle of radius r with its center at the origin. As shown in above Figure. Let P be an
arbitrary point on this circle, and suppose p has coordinate (X, y). Then the line segment OP is the hypotenuse of a
right triangle whose legs have lengths |x| and |y| and hence, by the theorem of Pythagoras:

X2 +y% =r
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X"y =r"
This equation, called a Cartesian equation of the circle, is satisfied by all points (X, y) on the circle and by no
others, so the equation completely characterizes the circle. This example illustrates how analytic geometry is used
to reduce geometrical statements about points to analytical statements about real numbers.
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Throughout their historical development, calculus and analytic geometry have been intimately intertwined. New
discoveries in one subject led to improvements in the other.

The development, in that the two subjects are treated together. However, our primary purpose is to discuss calculus.
Concepts from analytic geometry that are required for this purpose will be discussed as needed.
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Actually, only a few very elementary concepts of plane analytic geometry are required to understand the rudiments
of calculus. A deeper study of analytic geometry is needed to extend the scope and applications of calculus, and
this study will be carried out in later chapters using vector methods as well as the methods of calculus. Until then,
all that is required from analytic geometry is a little familiarity with drawing graphs of functions.
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Formal definition of Functions as a set of ordered pairs
In the informal discussion of the foregoing, a function was described as a correspondence which associates to each
object in a set X one object ina set Y.
The words "'correspondence™ and "associates' with may not convey exactly the same meaning to all people, so
we shall reformulate the whole idea in a different way, basing on the set concept. First we require the notion of an
ordered pair of objects.
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In the definition of set equality, no mentions are made of the order in which elements appear. Thus, the sets {2 ,5} and

{5 ,2} are equal because they consist of exactly the same elements. Sometimes the order is important. For example, in plane

analytic geometry the coordinates (X, y) of a point represent an ordered pair of numbers. The point with coordinates (2 ,5) is
not the same as the point with coordinates (5 ,2), although the sets {2 ,5} and {5,2} are equal.
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In the same way, if we have a pair of objects a and b (not necessarily distinct) and if we wish to distinguish one of

the objects, say a, as the first member and the other, b, as the second, we enclose the objects in parentheses, (a, b).

we refer to this as an ordered pair. We say that two ordered pairs (a, b) and (c, d) are equal if and only if their first
members are equal and their second members are equal. That is to say, we have

(@, b)=(c, d) ifandonlyif a=c and b=d.
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Now we may state the formal definition of function.

Definition Of Function. A function f is a set of ordered pairs (x, y) no two of which have the same first member.

If f is a function, the set of all elements x that occur as first members of pairs (x, y) in f is called the domain of f.
The set of second members y is called the range of f, or the set of values of f.

S Ol Ly &6 Gogee R 8 ol o0 J

il aalad gglus Jgl slradlse sl bgd gud a5 (X, Y) < ye slogs) ) sl glacgame T als . aali iy 23

P> sloailye degorme 35 U T sarals wig oo 2l T o (X, Y) slagss sl sloailye plyie 4 a5 X slasl dan degoame a3k o5 S Taziliz
Ay oo f polie degamo L F o))y

Intuitively, a function can be thought of as a table consisting of two columns. Each entry in the table is an ordered
pair (X, y); the column of xs is the domain of f, and the column of ys, the range. If two entries (x, y) and (x, z)
appear in the table with the same x-value, then for the table to be a function it is necessary that y = z. In other
words, a function cannot take two different values at a given point x. Therefore, for every x in the domain of f there
is exactly one y such that (x, y) e f. Since this y is uniquely determined once x is known, we can introduce a
special symbol for it. It is customary to write.

y =f(x)
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y =f(x)
As an alternative to describing a function f by specifying explicitly the pairs it contains, it is usually preferable to
describe the domain of f, and then, for each x in the domain, to describe how the function value f(x) is obtained.
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THEOREM Two function f and g are equal if and only if
(a) fand g have the same domain and (b) f(x) = g(x) for every x in the domain of f.
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It is important to realize that the objects x and f(x) which appear in the ordered pairs (X, f(x)) of a function need not be
numbers but may be arbitrary object of any kind. Occasionally we shall use this degree of generality, but for the most
parts we shall be interested in real functions, that is, functions whose domain and range are subsets of the real line.
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Islamic mathematics : forgotten brilliance
Al-Karaji (born 953) is seen by many as the first person to completely free algebra from geometrical operations
and to replace them with the arithmetical type of operations which are at the core of algebra today. He was first to
define the monomials x, x*, X, ... and 1/x, 1/x%, 1/x, ... and to give rules for products of any two of these. He started
a school of algebra which flourished for several hundreds of years. Al-Samawal, nearly 200 years later, was an
important member of al-Karaji's school. Al-Samawal (born 1130) was the first to give the new topic of algebra a
precise description when he wrote that it was concerned:-
... with operating on unknowns using all the arithmetical tools, in the same way as the arithmetician operates on
the known.



ol saaii Bb) 31 i 315 9 4 it g0 ooy 9 @

o gol yd canlis 2 soMul Skl

> aan a5 55 53l oles Jleel b1 T 50,5 ol cwain Jleel 51 1) 1o a8 il (oS (sl o5l sisie 4 (A0Y Wgio) (> ,S)
)l Lol 5l ole 99 1 0yd sy ol il g 9,5 oo ciu i | 5)(%,)(%,%5...,%} Slaslalon S5 Canl oo ol gl .ol 59 50l
Dlglondl 59y 2 Sl dn e oo (L] 51 (S eonmy JLo Yo v Tagas Jlslaadl. cetls 39, Jlo bads 45 3,8 ol 1oz 5y S5 5l 0,5 o0
g gl oS (B 05 )| 580 ol Sy ez iz Eome sl aS 35 (oS (sl Y W)

€S o Joe Sloglan (55, 0y S5 a5 B9, pled 4 e slas byl soles 5l oolitul b Y gemme (55, (30,5 Jos b

Omar Khayyam (born 1048) gave a complete classification of cubic equations with geometric solutions found by
means of intersecting conic sections. Khayyam also wrote that he hoped to give a full description of the algebraic
solutions of cubic equations in a later work.
If the opportunity arises and | can succeed, | shall give all these fourteen forms with all their branches and cases,
and how to distinguish whatever is possible or impossible so that a paper, containing elements which are greatly
useful in this art will be prepared.
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Sharaf al-Din al-Tusi (born 1135), although was almost the same age as al-Samawal, did not follow the general
development that came through al-Karaji's school of algebra but rather followed Khayyam's application of algebra
to geometry. He wrote a treatise on cubic equations, which :-
... represents an essential contribution to another algebra which aimed to study curves by means of equations, thus
inaugurating the beginning of algebraic geometry.
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Let us give other examples of the development of Islamic mathematics. Returning to the House of Wisdom in
Baghdad in the 9™ century, one mathematician who was educated there by the Banu Musa brothers was Thabit ibn
Qurra (born 836). He made many contributions to mathematics, but let us for the moment consider his
contributions to number theory. He discovered a beautiful theorem which allowed pairs of amicable numbers to
be found, that is two numbers such that each is the sum of the proper divisors of the other. Al-Baghdadi (born
980) looked at a slight variant of Thabit ibn Qurra’s theorem, while al-Haytham (born 965) seems to have been the
first to attempt to classify all even perfect numbers (numbers equal to the sum of their proper divisors) as those of
the form 25%(2" - 1) where 2% - 1 is prime.
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Al-Haytham, is also the first person that we know to state Wilson's theorem, namely that if p is prime then
1+(p-1)! is divisible by p. It is unclear whether he knew how to prove this result. It is called Wilson's theorem
because of a comment made by Waring in 1770 that John Wilson had noticed the result. There is no evidence that
John Wilson knew how to prove it and most certainly Waring did not. Lagrange gave the first proof in 1771 and it
should be noticed that it is more than 750 years after al-Haytham before number theory surpasses this achievement
of Islamic mathematics.
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Continuing the story of amicable numbers, from which we have taken a diversion, it is worth nothing that they play
a large role in Islamic mathematics. Al-Farisi (born 1260) gave a new proof of Thabit ibn Qurra's theorem,
introducing important new ideas concerning factorization and combinatorial methods. He also gave the pair of
amicable numbers 17296, 18416 which have been attributed to Euler, but we know that these were known earlier
than al-Farisi, perhaps even by Thabit ibn Qurra himself. Although outside our time range for Islamic mathematics
in this article, it is worth nothing that in the 17" century the Islamic mathematician Mohammed Bagjir Yazdi gave
the pair of amicable number 9,363,584 and 9,437,056 still many years before Euler's contribution.
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Let us turn to the different systems of counting which were used around the 10" century in Islamic countries.
There were three different types of arithmetic used around this period and, by the end of the 10" century, authors
such as al-Baghdadi were writing texts comparing the three systems.
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Finger-reckoning arithmetic

This system derived from counting on the fingers with the numerals written entirely in words; this finger-reckoning
arithmetic was the system used by the business community. Mathematicians such as Abu'l-Wafa (born 940) wrote several
treatises using this system. Abu'l-Wafa himself was an expert in the use of Indian numerals but these:-

... did not find application in business circles and among the population of the Eastern Caliphate for a long time.
Hence he wrote his text using finger-reckoning arithmetic since this was the system used by the business community.
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Sexagesimal system
The second of the three systems was the sexagesimal system, with numerals denoted by letters of the Islamic
alphabet. It came originally from the Babylonians and was most frequently used by the Islamic mathematicians in

astronomical work.
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